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In this research, we have studied the convergence properties of Double
Elzaki transformation and the results have been presented in the form of
theorems on convergence, absolute convergence and uniform convergence of
Double Elzaki transformation. The Double Elzaki transform of double
Integral has also been discussed for integral evaluation. Finally, we have
solved a Volterra integro-partial differential equation by using Double Elzaki
transformation.
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1. Introduction

Integral transforms are valuable for the
simplification that they bring about, most often in
dealing with differential equation subject to
particular boundary conditions. Proper choice of
the class of transformation usually makes it
possible to convert not only the derivatives in an
intractable differential equation but also the
boundary values into terms of an algebraic
equation that can be easily solved. The solution
obtained is, of course, the transform of the solution
of the original differential equation, and it is
necessary to invert this transform to complete the
operation.

Integral transform, mathematical operator that
produces a new function f(y) by integrating the
product of an existing function F(x) and a so-called
kernel function K (x,y) between suitable limits.
The process, which is called transformation, is
symbolized by the equation fy) =
[ K(x,y)F(x)dx. Several transforms are commonly
named for the mathematicians who introduced
them. In the Laplace transform, the kernel is e ™Y
and the limits of integration are zero and plus
infinity, in the Fourier transform, the kernel is
(2m)~Y2e~%Y and the limits are minus and plus
infinity. In Schiff (2013), The Laplace transform of f
as

F(s)= L(f(©) = J,” e~ f(t)dt
= lim fofe—sff(t)dt
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whenever the limit exists (as a finite number).

When it does, the above integral is said to
converge. If the limit does not exist, the integral is
said to diverge and there is no Laplace transform
defined for f. The notation L (f) will also be used to
denote the Laplace transform of f, and the integral
is the ordinary Riemann (improper) integral. The
parameter s belongs to some domain on the real
line or in the complex plane.

In Belgacem et al. (2003) and Watugala (1993),
a new integral transform, called the Sumudu
transform defined for functions of exponential
order. We consider functions in the set 4, defined

by
A={f(t)|aIM, 7y, and Jor T, > 0,
1l
suchthat | f(t)| < Me%,if t € (—1)/ x [0,0)}

For a given function in the set 4, the constant M
must be finite, while 7; and 7, need not
simultaneously exist, and each may be infinite.
Instead of being used as a power to the exponential
as in the case of the Laplace transform, the variable
u in the Sumudu transform is used to factor the
variable ¢ in the argument of the function f
Specifically, for f (t) in 4, the Sumudu transform is
defined by

Jo fut)etdt, 0Su<t,

G = slfol fooof(ut)e‘tdt, -, <u<0
Belgacem (2007) presented the fundamental
properties, analytical investigation of the samudu
transform and applications to integral equations. In
Belgacem (2007) and Belgacem and Karaballi
(2006), all existing samudu shifting theorems and
recurrence results have been generalized, also
presented applications to convolution type integral
equations with focus on production problems and
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inverse Sumudu transform of a singular function
satisfies the Tauberian theorem, where the dirac
delta function fails.

In Belgacem (2006, 2009), Laplace transform
definition is implemented without resorting to
Adomian decomposition nor Homotopy
perturbation methods. He also applied the natural
transform to Maxwell’s equations and obtained the
transient electric and magnetic field solution. In
Belgacem and Silambarasan (2017b), The Samudu
transform is applied to arbitrary powers Dumont
bimodular Jacobi elliptic functions for arbitrary
powers. Belgacem (2010) applied the Samudu
transform applications to Bessel’s functions and
equations. In Belgacem and Silambarasan (2017a),
the Samudu transform integral equation is solved
by continuous integration by parts, to obtain its
definition for trigonometric functions.

Belgacem and Al-Shemas (2014) proposed
ideas towards the mathematical investigations of
the environmental fitness effects on populations
dispersal and persistence. Goswami and Belgacem
(2012) giave a sufficient condition to guarantee the
solution of the constant coefficient fractional
differential equations by Samudu transform.

The Elzaki Transform is a new integral
transform introduced by Elzaki (2011a). Elzaki
Transform is modified form of Laplace Transform.
Elzaki transform is well applied to initial value
problems with variable coefficients and solving
integral equations of convolution type. Elzaki
Transform is also used to find solution of system of
partial differential equations (Elzaki, 2011b).
Typically, Fourier, Laplace and Sumudu transforms
are the convenient mathematical tools for solving
differential equations.

Elzaki Transformation is defined for the
function of exponential order. Consider a function
in the set S defined as

el
S = {f(t):le,kl_k2 >0, f(O)|<Mebi,ifte

(-1 x [0, 00)}

For a given function f(t) in the set S, the
constant M must be finite, number k;, k, may be
finite or infinite.

The Elzaki Transform denoted by the operator
E is defined as

EIf@®)] = T(w) =v [ f(DeTvdt ,t>0

The variable v in this transform is used to
factorize the variable t in the argument of the
function f. The purpose of this study is to show the
applicability of this interesting new transform and
its efficiency in solving some convergence
theorems.

2. Convergence theorem of double Elzaki integral

In this section, we prove the convergence
theorem of double Elzaki integral.

Theorem 2.1: Let ¢(x,t) be a function of two
variables continuous in the positive quard of the
xt-plane. If the integral converges at p = p, and
s = s, then integral converges for p < p,,s < s,.

ps [ [ e 5 s ¢ (x, t)dxdt (1)
for the proof we will use the following lemmas.

Lemma 2.2: If the integral

sICeTE plx, Ot )

converges at s= s, then the integral converges for
5<S,

Proof: Consider the set
a(x,t) = s, fot e_% o(x,u)du ,(o <t < o). 3

clearly, a(x,0) =0 and Eim a(x,t) exist because
o _t
sfo e s ¢(x,t)dt convergesats = s,.
By fundamental theorem of Calculus we have
a; (x,t) =s,e” : ¢(x, t).

If we choose €; and R; such that (0 <¢; < R;)
then

t
a.(x,t)eso dt

LZRE
& | -

Ri ¢ Ry
sf e s ¢p(x, t)dt = sf e
€1 €

1
_(So=s
= S (R Gt a.(x,t) dt

Sp Y€1

By using integration by parts

s So—S Ry

= —{ |e_( ) a(x,t)

So €

[ atne (222 it}
€ o
=si e_(sas_o)R1 a(x,Ry) — e_(sas_o)f1 alx,e) +

(ﬁ) f:l ax, t)e_(ss%s)t dt ]

SSo

Now let ¢; — 0. Both terms on the right which
depend on €; approach a limit and

R, -t s —(M)R1
sfyle”s plx, t)dt = —[e Vo a(x,Ry) +

(ﬁ) f:l a(x, t)e_(“o ) dt]

SSo

Now let R; — oo. If 5 < s, the first term on the
right approaches zero and

sfooo e_i o(x dt =

So—S

(E) fooo e_(?)t a(x,t) dt

" for s <s, 4)
The given theorem is proved if the integral on
the right converges.
Now by using the “Limit test” for convergence
(Widder, 2005). For this we have
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tlirorétZe (soso) alx,t) = [llmTZ‘])] [ltma(x t)]

=0 %[girgloa(x,t)] = 0 = finite

Therefore, the integral on right hand side of (4)
converges for s < s,,.

Hence the given

integral s fom e : ¢ (x, t)dt converges for s <s, .
Lemma 2.3: If integral

h(x,s) = sf e”s ¢p(x, t)dt (5)
converges for s < s, and integral

pfom e v h (x,s)dx (6)

converges atp =p, then the
converges for p < p,

integral  (6)

Proof:

Let B(x,s)= p, foxe_ﬁ h(us)du 0<x<o (7)

Therefore B(0,s) =0 and limpB(x,s) exist
X—00

X
because p fooo e ? h(x,s)dt convergesatp = p,.
By using fundamental theorem of Calculus,
equation (7) can be written as B(x,s) =

poe Poh (x,5). Choose €, and R, and so that 0 <
€,<R,

prRZZe_E h(x,s)dx=ifERZZ e

Po~P.

Copo )XBX(X, s)dx
Po-P
= L [ e_(l;)T

R2p (Ry,s) — o (h)es Bx(Ez ) +

(M) fERZ _( ppo) B(x,s) dx]

PPo

Now lete, — 0. Both terms on the right which
depend on €, approach alimit and

P e h G = 2 e )Ry 0 +

(M) fORZ _( ppo) B(x,s) dX] (8)

PPo

Now let R, = o0.If s < s, , the first term on the
right approaches zero.

pfooo e_i h (x,s)dx =
() Jy” e pe s a

The given theorem is proved if the integral on the
right converges.

Now by using the Limit test for convergence
(Widder, 2005). We consider

for p < p, 9)

)!Lrgxze (Dpo) B(x,t) = [llm po . “llmﬁ(x t)]

X—00
=0 a:e[limB(X,t)] = 0 = finite
X—00
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Therefore, the integral on right hand side of (6)
converges for p < p,

Hence the given integral pfooo e P h(x,s)dx
converges for p < p,.
The proof of the Theorem 2.1 is as follows

psf f e v s ¢(x t)dxdt =
pf e P{sf e ¢ (x, t)dt}dx

=p fo e ?h(x, t)dx (10)
where

h(x,s) = s foooe_§¢(x,t)dt

o _t
by Lemma 22, integral s [ e 5¢(x,t)dt
converges for s <s, .
Also by Lemma 2.3, integral

p fooo e ? h(x,s)dx converges forp < p,.
Therefore, the integral in RHS of (10) converges
for p < p,, s < s,. Hence the integral

x t

pbs fooo fooo e_ s

converges forp < p,,s <s,.
proof of the Theorem 2.1

¢ (x, t)dxdt

This completes the

Corollary 2.4: If the integral (1) diverges at p = p,
and s = s, then the integral (1) diverges at p < p,,
5 < S

Corollary 2.5: The region of the convergence of
the integral (1) is the positive quadrant of the xt-
plane. Now we prove absolute convergence of
integral (1).

Theorem 2.6: If the integral (1) converges
absolutely at p=p, , s= s, then integral (1)
converges absolutely for p < p,,s < s,-

Proof: We know that

X t X t
e Poso | pxt)|< e Ps for (p<p, <™,s<s, <
0);

)

therefore

X t
Sopofo fo e Po so | d(x,t) |dtdx <
x_t
psf, J, e ® | d(x ) |dtdx;

form given hypothesis,

x t
psfo fo e » s | ¢(xt)|dtdx;

converge. hence, we have

x ot
SoPo fo fo e Po so | d(x,t) |dtdx

converge for (p < py S < So)-



Idrees et al/International Journal of Advanced and Applied Sciences, 5(6) 2018, Pages: 19-24

Therefore the integral (1) converges absolutely
for (p < po s < S0)

3. Uniform convergence

In this section we prove the uniform

convergence of double Elzaki Transform.

Theorem 3.1: If f (x, t) is continuous on [0, ) X
[0, ) and

H (x,t) = poS, fox fote_%_%f(u, v)dudv (11
is bounded on [0, ) X [0, o), then the double of
Elzaki Transform of f converges uniformly on
[p, ) X [s,00) if p < p,, s <s,. For the proof we
will use the following lemmas:

Lemma 3.2: If g(x,t) =s, fote_5 f(x,v)dv is
bounded on [ 0, ) then the Elzaki Transform of f
with respect to s converges uniformly on [s,o0) if
5 < S,

Proof: If 0 < r < r; then consider

t _(So=s _t
sf:le_E flx, t)dt = sfrrle (SSu ) e s f(x,t)dt
== e_(sus_u)t g:(x, t)dt

So T

Using integration by parts

So=S

= i [e_(ﬁ)rlg(x, n) - e )ry(x' )+
(=2) 1 (5 g, yay

$Sp /T

Therefore, if | g(x,t) | < M then.

So—S’

|s f:l e_§ fx, t)dt | < M{e_(%)r1 + e_(SSo ) +

() ) af
:M{e—(?;f)ﬁ I Gy L ) e—(‘:s;‘)r}
Sp—S

= 2Me_(g)r for,s <s,

By Cauchy criterion for uniform convergence
(Trench, 2012).

t
s f:l e”s f(x, t)dt

converges uniformly on [s, ©)if s < s,,.
Hence, Elzaki Transform of f with respect to s
converges uniformly on [s, ©)if s < s,

Lemma 3.3: If the

s foooe_gf(x, t)dt

[s,0)if s < s, and a(x,s) = p, foxe_ﬁg(u, s)du is
bounded on [0, ) then the Elzaki Transform of f
with respect to s converges uniformly on
[p, 0)ifp < p,

g(x,s) =
uniformly

integral

converges on

22

Proof: Proof is similar to Lemma 3.2. The proof of
the Theorem 3.1 is as follows:

H (x,t) = poSo f: f;e_ﬁ_if(u, v)dudv
=Po f:e_ﬁ {So fote_; f(u,v)dv}du

=po [, € Pog(u,t) du

where g(u,t) =s, fote_g f(u,v)dv is bounded
on [0, o).

By Lemma 3.2, Elzaki transform of f with
respect to s converges uniformly on [s, ) if s < s,,.

Also by Lemma 3.3, Elzaki transform of g with
respect to p converges uniformly on [p, ) ifp <
Po-

Hence double Elzaki transform of f converges
uniformly on [p, ) X [s,0)ifp < p,, s <s,

We now prove the differentiability of double
Elzaki transform

Theorem 3.4: If f (x, t) is continuous on [0, ) X
[0, ) and

H (x,t) = pyS, foxfote_%_if(u, v)dudv

Is bounded on [0, ) X [0,) then the double
Elzaki transform of f is infinitely differentiable with
respect to p and s on [p,®) X [s,0)ifp < p, ,s <

So , With

an1+n

f
(p,s) =
x t
(—1)™*" ps [ [ 7 e s x™t" f(x, t)dx dt

dp™ gsn
(12)

for the proof we will use the following lemmas

Lemma 3.5: If g(x,t)=s, fote_gf(x, v)dv is
bounded on [ 0, ) then the Elzaki transform of f'is
infinitely differentiable with respect to s on [ s, )
ifs < s, with

o f
as™

(,s)=(D"s [ e t"f (x, t)dt (13)

Proof: First of all we will prove that the integrals
I, (x,s) = (-D"s fooo e_§ t"f(x,t)dt ,n= 0,1,2,3,...

all converge uniformly on [s, ) if s < s, and if 0 <
r <7 ,then

t So=S
s[Me st flx,t)dt == e (5 )Em (x, t)dt
T S, T é}t

_(S0=S —(So=s
= Si[e (sso )rlrlng(x‘ rl) —e (sso )rrng(x' T) —
So=S

[ e (2 oy g, e

Therefore, if | g(x,t) | <M < o on [0, ) then
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£ _(Se=s
|Sfrrle_5t"f(x,t)dt | < M{e (5 )“r{l +

e_(S;JS;S)TTn — e_(%)rlrln + e_( sso )Trn

| sfe i enf(x )t | < 2me G en poro<r <

n

By Cauchy criterion for uniform convergence
(Trench, 2012).1I, (x,s) converges uniformly on
[s,)if s <'s,. Now, using Trench (2012) and
induction proof, we have (13). That is Elzaki
transform of f is infinitely differentiable with
respect to s on [s, ©)if s < s,

3.6: If

the B(x,s) =

t
sfome_E t"f(x,t)dt converges uniformly on

Lemma integral

[s,00)if s < s, and h(x,s) = p, foxe_% ?(x,s)dx is
bounded on [0, ) then the Elzaki transform of @ is
infinitely differentiable with respect to p on p, ) if
p < p,, with the

i—";(ﬁ(x, s)=(-1ms fow e_§ t™@(x, s)dx (14)
Proof: Proof is similar to Lemma 3.5. The proof of
the Theorem 3.4 is as follows

H (x,t) = poSo fox fot e_E_;f(u, v)dudv
=po J e o (s, [3 e % fu,v)dv}du
=p, [ e v g(u,t)du

v

where g(u,t) = s, fote_§ f(u,v)dv is bounded on
[0, ).

By Lemma 3.5, Elzaki transform of fis infinitely
differentiable with respect to s on [s, ®)if s < s,.

Also by Lemma 3.6, Elzaki transform of g is
infinitely differentiable with respect to p
on[p, )ifp < p, .

Hence double Elzaki transform of f is infinitely
differentiable with respect to p and s on [p, ®) X
[s,0) ifs < s,,p < Dpy-

4. Double Elzaki transform of double integral

We now find the double Elzaki transform of
double integral.

Theorem 4.1: If ExE-{f (x,t)} = f(p,s) and

9(x,t) = [ [} f(w v)dvdu (15)
Then,
B (§7 I Fuvdvdu ) =ps | (p,) (16)

Proof: If we denote h(x,t) = fotf(x, v)dv. By using
fundamental theorem of calculous.

he(x,t) = f(x,t) (17)

Since,

23

h(x,0) =0 (18)

taking double Elzaki transform of equation (17),
we get

h(,s)=sf(ps) (19)
from (15)

g, t) = [ h(w,t) du
9x(x,t) = h(x,t) and g(0,t) = 0
g(p,s) =ph(p,s)

now by using (19) and (15), we obtain
ExEp {fox fotf(u, v)dvdu} = psf(p, s).

5. Application of double Elzaki transform in
Volterra integro-partial differential equation

We use the double Elzaki transform to solve the
problem which is already solved in Moghadam and
Saeedi (2010) using Differential transform method.

Example 5.1: Consider the following Volterra
Integro Partial Differential Equation.

Quxy) | S _ _q 4 ¥ 4 ¥ 4 XY +
Sx Sy
Jo JJ u(r, Hdrdt (20)
Subject to the initial conditions as:
u(x,0) = e* and u(0,y) =e” (21)

Applying double Elzaki transform of equation
(20) and we get,

~a(p,s) —pu(0,5) + > u(p,s) — su(p, 0)

2

2 2 52p2 s pZ Szpz

- _ I u
$PT A 1-p  1-s  (1-s)(1-p) +pst (.s) (22)
The single Elzaki transforms of equation (21)
_ p? s%
u(p, 0) = m and u(O,S) = @ (23)

Substituting (23) in (22) and simplifying and we
obtain,

1_ s? 1_ p?

Su@s) —pi i s) —si

_ 2.2 s2p? s2p? s2p? _

= —s“p* + P + P + e + psu(p, s)

SZPZ

so, u(p,s) = REBTEES)

Now by using double inverse Elzaki transform,
we obtain solution of (20) as follows,

u(x,y) = e*ty,
6. Conclusion

We have proved the convergence, absolute
convergence and uniform convergence of double



Idrees et al/International Journal of Advanced and Applied Sciences, 5(6) 2018, Pages: 19-24

Elzaki transform. Besides these, we obtained
double Elzaki transform of double integral and use
it to solve Volterra integro-partial differential
equation.

References

Belgacem FBM (2006). Introducing and analyzing deeper Sumudu
properties. Nonlinear Studies, 13(1): 23-41.

Belgacem FBM (2007). Applications of Sumudu transform to
indefinite periodic parabolic equations. In the 6%
International Conference on Mathematical Problems and
Aerospace Sciences, (ICNPAA 06), Cambridge Scientific
Publishers, Cambridge, UK: 51-60.

Belgacem FBM (2009). Sumudu applications to Maxwell's
equations. PIERS Online, 5(4): 355-360.

Belgacem FBM (2010). Sumudu transform applications to Bessel
functions and equations. Applied Mathematical Sciences,
4(74): 3665-3686.

Belgacem FBM and Al-Shemas EHN (2014). Towards a Sumudu
based estimation of large scale disasters environmental
fitness changes adversely affecting population dispersal and
persistence. In the AIP Conference Proceedings, AIP, 1637(1):
1442-1449. https://doi.org/10.1063/1.4907311

Belgacem FBM and Karaballi AA (2006). Sumudu transform
fundamental properties investigations and applications.
International Journal of Stochastic Analysis. 2006: Article ID
91083, 23 pages. https://doi.org/10.1155/JAMSA/2006/
91083

Belgacem FBM and Silambarasan R (2017a). A distinctive Sumudu
treatment of trigonometric functions. Journal of
Computational and Applied Mathematics, 312: 74-81.

24

Belgacem FBM and Silambarasan R (2017b). Sumudu transform of
Dumont bimodular Jacobi elliptic functions for arbitrary
powers. In the AIP Conference Proceedings, AIP Publishing,
1798(1): 020026. https://doi.org/10.1063/1.4972618

Belgacem FBM, Karaballi AA, and Kalla SL (2003). Analytical
investigations of the Sumudu transform and applications to
integral production equations. Mathematical Problems in
Engineering, 2003(3): 103-118.

Elzaki TM (2011a). Application of new transform “Elzaki
transform” to partial differential equations. Global Journal of
Pure and Applied Mathematics, 7(1): 65-70.

Elzaki TM (2011b). The new integral transform “Elzaki
Transform”. Global Journal of Pure and Applied Mathematics,
7(1): 57-64.

Goswami P and Belgacem FBM (2012). Solving special fractional
differential equations by Sumudu transform. In AIP
Conference Proceedings, AIP Publishing, 1493(1): 111-115.
https://doi.org/10.1063/1.4765478

Moghadam MM and Saeedi H (2010). Application of differential
transforms for solving the Volterra integro-partial differential
equations. Iranian Journal of Science and Technology,
Transaction A, 34(A1): 59-70.

Schiff JL (2013). The Laplace transform: Theory and applications.
Springer Science and Business Media, Berlin, Germany.

Trench WF (2012). Functions defined by improper integrals.
Available online at: https://faculty.ksu.edu.sa/fawaz/File282/
Books/TRENCH_IMPROPER_FUNCTIONS.pdf

Watugala GK (1993). Sumudu transform: A new integral
transform to solve differential equations and control
engineering problems. Integrated Education, 24(1): 35-43.

Widder DV (2005). Advanced Calculus. 2 edition, Prentice Hall of
India Private Limited, New Delhi, India.


https://doi.org/10.1063/1.4907311
https://doi.org/10.1063/1.4972618
https://doi.org/10.1063/1.4765478

	On the convergence of double Elzaki transform
	1. Introduction
	2. Convergence theorem of double Elzaki integral
	3. Uniform convergence
	4. Double Elzaki transform of double integral
	5. Application of double Elzaki transform inVolterra integro-partial differential equation
	6. Conclusion
	References


